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A method to derive the stiﬀness of self-similar elastic fractals is presented based on structural mechanics principles and a
physically motivated similarity criterion, which is assumed as a postulate. Using this method, the stiﬀnesses of both the
Von Koch curve and the Sierpin´ski gasket in the small-deformation regime are derived. For these fractal structures, it
is shown that the stiﬀness matrix is completely determined by a single elastic constant. The procedure to tile a planar
domain with Sierpin´ski gaskets is explored and shown to require the consideration of hexagonal-shaped combinations
of gaskets joined continuously along their edges. This continuity leads to a phenomenon of geometrically induced inexten-
sibility along the common edges. After deriving the stiﬀness matrix for the basic hexagon, the analog of the Boussinesq–
Flamant problem for a tiled half-plane is solved numerically to demonstrate the potential of the method in modeling of
solid mechanics applications.
 2008 Elsevier Ltd. All rights reserved.
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What is the stiﬀness of a snowﬂake? If, as sometimes stated, the world is of a fractal nature (Mandelbrot,
1982), can one avoid answering questions that demand a precise quantitative aﬃrmation of this statement? If
snowﬂakes can be represented by fractals, is it not legitimate to ask what their response to applied external
loads may be? If classical science had limited itself to assert that many material media, such as water or steel,
can be viewed as continua, and then had proceeded to sing panegyrics on the beauty of diﬀerentiable mani-
folds, no one would have taken it seriously. Instead, the work of Euler, Cauchy, Helmholtz and many others
provided us with speciﬁc quantitative laws to describe phenomena involving deformable materials, laws that
have become the basis of modern engineering and technology. These laws take the form of partial diﬀerential
or integral equations formulated on diﬀerentiable manifolds, the inherent beauty thereof being enhanced by
their unquestionable usefulness. The mathematics of fractals, on the other hand, is hardly as well developed
or understood as that of continua. In particular, the conﬁguration space of a deformable fractal is not an eas-0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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continuous media and particle mechanics has been made recently by Epstein and S´niatycki (2006) using the
theory of diﬀerential spaces of Sikorski. A diﬀerent line of attack, based on the fractional calculus, was
adopted by a few other researchers (Carpinteri et al., 2001, 2004; Carpinteri and Cornetti, 2002). Yet more
powerful techniques of functional analysis are employed by Capitanelli and Lancia (2002) and Mosco
(2002). In this paper, however, we propose to tackle the problem with more modest tools, namely, those of
structural mechanics. Surprisingly, we have found that these tools turn out to be perhaps more productive
than the previous ones, and that they deliver concrete results not lacking in rigor and elegance. The derivation
is based on the postulation of a principle of self-similarity according to which the stiﬀness of a structure is
proportional to that of a scaled down copy of itself. We would like to emphasize that this cannot be deduced
from ﬁrst principles since in the case of fractals, as will be explained later, the kinematics are not well deﬁned.
We limit our analysis to a few speciﬁc instances of fractal structures, leaving for further research the consid-
eration of other cases (such as beams with fractal cross sections).
2. The kinematic conundrum
In the proverbially ideal world of the mechanics of deformable media, kinematics should precede statics.
Once a proper kinematic setting is established, forces and stresses emerge naturally as entities that produce
mechanical power when acting on virtual velocities.1 This point of view, dating back to the fundamental ideas
of the Analytical Mechanics of Lagrange, can also be adopted in the theory of ContinuumMechanics (Epstein
and Segev, 1980) and, more practically, constitutes the basis of the Finite Element method, whereby the so-
called displacement shape functions act as the starting point of the derivation. The case of fractal media, how-
ever, presents a puzzling situation. It is appropriate to recall that some of the earliest fractals, such as the Von
Koch curve (von Koch, 1906), were introduced as examples of continuous functions which are nowhere dif-
ferentiable. It is to be expected, therefore, that deformations of practical interest of such entities will share this,
or similar, ‘‘undesirable” features. In particular, deformations caused by conventional (concentrated or dis-
tributed) forces, as opposed to forces whose nature and deﬁnition may be intertwined with the process of gen-
eration of the fractal itself, will surely be of this undesirable type, not easily amenable to direct treatment.
To illustrate what is meant by the preceding argument, we suggest the following example of a simple com-
posite structure constructed in a manner reminiscent of the generation of a fractal. Consider a segment of
length Lwhich, at the ﬁrst step of the generation is subdivided into 2 equal parts, thus producing a collection
of 3 nodes. In the next step, each of the 2 segments will be equally divided into 2 equal parts, and so on. At the
I-step, the number of subdivisions will be 2I and the number of nodes 2I + 1. To produce a load-bearing struc-
ture, we supplement the preceding construction with the assignment of a structural stiﬀness to each of the seg-
ments. A convenient way to think of this assignment is to imagine that all segments are identical cylindrical
bars of a constant cross section A, but we reserve the right to assign to each bar a diﬀerent modulus of elas-
ticity. In particular, we choose just two diﬀerent moduli, say E1 and E2, and at the ﬁrst step of the subdivision
process we assign them in the pattern: E1, E2. At the second step, we redeﬁne the stiﬀness of the bars following
the same pattern in each of the previous 2 segments, and then continue this process ad-inﬁnitum, so that at
each step the moduli alternate from one segment to the next. We assume that the left end of the segment is
ﬁxed to a rigid wall, and then apply a longitudinal force F at the free (right) end. We now ask the question:
what is the equilibrium conﬁguration of this bar (consisting of an inﬁnite number of segments)? Although it is
not diﬃcult, by elementary means, to convince oneself that the displacement of the right end is given by:1 InuR ¼
FL 1þ E2E1
 
2E2A
ð2:1ÞIt is clear that a deﬁnitive answer for an arbitrary point within the bar cannot be obtained. At any ﬁnite
stage of the generation, the graph of the displacement as a function of the running coordinate along the
bar axis, say x, is a jagged line that, as the generation advances, gets closer and closer to the straight line join-other words, the statical quantities are (bounded) linear operators deﬁned on the tangent bundle of the conﬁguration space.
Fig. 1. Displacement function.
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graphs indeed converges (uniformly) to this line (in the point-wise distance norm). But, can we say that the
ﬁnal deformation of the bar is faithfully represented by this line? Or, more to the point, can we use this line
as a basis for the calculation of stresses within the bar? Clearly no, since such a conﬁguration would not be in
equilibrium with the applied force! What has happened in this case is easily explained by the fact that (if we
assume the longitudinal strain in each bar to be constant) the strain ﬁeld is discontinuous. Be that as it may, it
is obvious that in the case of a fractal, such as the Sierpin´ski triangle, subjected to nodal forces, the deforma-
tion pattern will be practically unmanageable and, perhaps more damagingly, a subdivision into ﬁnite ele-
ments based on smooth (or piece-wise smooth) displacement ﬁelds will lead to wrong results.
Although the example just discussed is not of interest in itself, it serves to illustrate both the kinematic pre-
dicament and its possible cure. After all, some important information (such as the displacement of the right
end under the force and the general deformation pattern) can be and was extracted from the very deﬁnition of
the problem by elementary means. Our aim in the remainder of this paper is to show that this is the case for
self-similar fractals, and for combinations thereof, in general.
3. Structural stiﬀness and the similarity principle
In structural engineering, the notion of elastic stiﬀness is introduced in the following way. Given a linearly
elastic structure assumed to operate in a regime of small displacements, a ﬁnite number of degrees of freedom
is chosen. For illustration purposes (Fig. 2), we assume that the chosen body is two-dimensional and that at
points A, B and C the horizontal and vertical displacement components have been singled out as the chosen
degrees of freedom, numbered sequentially from 1 to 6. Accordingly, hinged supports are provided at these
points to control the values of the corresponding displacements. Keeping all these supports ﬁxed, we now
force one of them to move by a unit amount in the direction of one of its degrees of freedom. For example,Fig. 2. Stiﬀness coeﬃcients.
M. Epstein, S.M. Adeeb / International Journal of Solids and Structures 45 (2008) 3238–3254 3241we may impose a horizontal unit displacement at node B, that is, in correspondence with the degree of freedom
number 3. As a result of this imposed displacement, each of the supports will have to apply reaction forces on
the structure in correspondence with its 2 degrees of freedom. We denote the reaction in correspondence to
degree of freedom number i by ki3. Each of these reactions is called a stiﬀness coeﬃcient. As we repeat the
process by successively moving each degree of freedom j, we thus construct an array of 36 numbers, kij, which
constitute the stiﬀness matrix K of the structure with respect to the chosen degrees of freedom. Since the mate-
rial is assumed to be elastic, it is not diﬃcult to prove (by energy conservation) that the stiﬀness matrix is
symmetric.
The preceding heuristic introduction of the concept of structural stiﬀness is clearly marred by a singularity
problem. Indeed, due to the concentrated nature of the support reactions, the theoretical value of all the stiﬀ-
ness coeﬃcients is zero. In other words, if we were to subject a properly supported continuous elastic structure
to a concentrated force, the displacement in correspondence to the force would be inﬁnite. In structural appli-
cations, however, the structures under consideration are subjected to kinematic constraints that avoid such
singularities. The most common example is that of a framed structure, whereby each of the structural elements
is assumed to be a Bernoulli beam, for which plane sections are assumed to remain plane and perpendicular to
the deformed beam axis, thus removing the singularity. In more general cases, a division of the continuum into
ﬁnite elements, within each of which the displacement ﬁeld is approximated by a ﬁnite number of so-called
shape functions, achieves a similar end, at least for a given ﬁnite element mesh.
What are we to expect in the case of a fractal structure? Surprisingly perhaps, the answer is that, as long as
we assume the stiﬀness to enjoy the self-similarity property described below, the stiﬀness coeﬃcients (as
deﬁned above) of a fractal remain ﬁnite. This fortunate circumstance will allow us to obtain a wealth of exact
results without recourse to the mathematical tools that would be otherwise necessary to deal directly with the
conﬁguration space of a fractal. The self-similarity property alluded to is encapsulated in the following crite-
rion, which we will adopt as the point of departure for all our calculations.
3.1. Similarity principle
The stiﬀness matrix of a reduced copy of a fractal is proportional to the stiﬀness matrix of the original frac-
tal. The constant of proportionality is to be determined in each particular instance by means of equilibrium
considerations.
One way to interpret or justify the similarity principle is based on the disregard of any non-local eﬀects or,
perhaps more precisely, on the assumption that all such eﬀects are scaled up or down in unison. Accordingly,
an observer looking at an entity of a fractal nature will not be able to deduce the actual size of the sample from
purely mechanical experiments.
3.2. Remark
Since it is possible to select, in addition to degrees of freedom of displacement, degrees of freedom of rota-
tion, the above principle has to be applied with care to guarantee dimensional homogeneity.
While it may be possible to prove the self-similarity principle as a theorem by making some speciﬁc assump-
tions as to the way in which the fractal structure compensates for the loss of stiﬀness at each step of the gen-
eration (e.g., by systematically increasing its thickness, or by adding surface energy contributions), in the
present treatment the similarity principle is essentially an assumption. It is, in fact, a renormalization hypoth-
esis that renders the passage to the limit possible when the constant of proportionality is chosen to have a par-
ticular value.
4. The Von Koch beam
We brieﬂy recall the informal deﬁnition of the Von Koch curve (Falconer, 2003). Starting from a (horizon-
tal) segment of length L, its middle third is removed and replaced by two equal segments (each of length L/3)
that would form and equilateral triangle (pointing, say, upwards) with the removed portion. The result of this
operation is a zigzag consisting of 4 segments, each of length L/3 (Fig. 3). This operation is now replicated ad
Fig. 3. A Von Koch beam at I = 2.
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third and replacement by two equal segments pointing in a consistent direction). At the I-th step, the number
of segments is 4I and the total length is (4/3)IL. The Von Koch curve, deﬁned informally as the limit of this line
as I?1, is an example of a fractal. Roughly speaking, the self-similarity property means that the fractal is
the (almost disjoint) union of a number of identical reduced copies of itself. In the case of the Von Koch curve,
it is clear that we can regard it as the union of 4 identical copies (two of them rigidly rotated), each of which is
reduced by a factor of 3 from the original.2 We deﬁne a Von Koch beam as a structural element based upon the
Von Koch curve endowed with material properties.
Restricting attention to small in-plane deformations and assuming a linear elastic response, our objective is
to ﬁnd the stiﬀness matrix of the Von Koch beam in terms of the 6 degrees of freedom of its ends (two trans-
lations and one rotation at each end). Since the length of the generated line tends to inﬁnity as the generation
process progresses, a conventional analysis would seem to indicate that its stiﬀness approaches zero, unless
there is some physical mechanism that accompanies the generation process and that provides the exact amount
of extra stiﬀness needed for the limit curve to have a ﬁnite stiﬀness. The nature of this stiﬀening phenomenon
depends on the particular physical model at hand (a possibility of such stiﬀening can, for instance, be rooted
precisely in the ever increasing exposed surface). If one were to try to determine by heuristic physical argu-
ments the increase of conventional quantities such as the area, or the moment of inertia, or the modulus of
elasticity, so as to lead to a ﬁnite limit, the result would become elusive and unreliable. Instead, we will make
use of the similarity principle formulated in the previous section.
Clearly, when we speak about the stiﬀness matrix of the reduced copies we are referring to the stiﬀness
matrix relative to the same degrees of freedom (in a rotated version, if the copies are rotated) as the original.
Moreover, the reduced copies that we are considering are only those implicit in the deﬁnition of the fractal.
Thus, in the case of the Von Koch curve, we are alluding just to the copies reduced by a factor of 3 (or an
integer power thereof) and no others.
Assuming the Von Koch beam to be placed in a Cartesian (x, y) coordinate system in such a way that the
left end of the beam is at the origin and the right end at the point with coordinates (L, 0), we number its
degrees of freedom sequentially in the following order: x- and y-displacements and rotation of the left end,
and x- and y-displacements and rotation of the right end. The rotations are assumed positive if counterclock-
wise. We recall that the i, j-entry in the stiﬀness matrix represents the reaction at the support corresponding to
the degree of freedom number i due to a unit displacement of the support corresponding to the degree of free-
dom number j. To calculate these reactions, the structure is assumed to be restrained in the direction of each
degree of freedom. In the case of a beam, we prevent the displacements and rotations of both ends. The prod-2 The self-similarity of a fractal allows for a straightforward determination of its fractal dimension as the ratio of the logarithm of the
number of copies to the logarithm of the scaling factor. Thus, the fractal dimension of the Koch curve is log4/log3.
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moments) corresponding to the degrees of freedom. In the case of a beam, due to the mixed nature
of these vectors (displacements and rotations, forces and moments), it is convenient to redeﬁne the quan-
tities involved so as to achieve dimensional homogeneity. We thus redeﬁne the rotational variables by
multiplying them by the distance between the left and right supports, and the moment variables by
dividing them by that length. Correspondingly, the entries in the stiﬀness matrix will change their mean-
ing and become dimensionally homogeneous. It is to this modiﬁed matrix that we apply the similarity
principle enunciated above. Assuming the beam to be materially homogeneous, considerations of symme-
try and equilibrium lead to the following general form of its (modiﬁed) stiﬀness matrix, regardless of its
fractal nature:K ¼
A 0 B A 0 B
C C
2
0 C C
2
D B  C
2
C
2
 D
A 0 B
Symmetric C  C
2
D
2
666666664
3
777777775
ð4:1Þwhere A, B, C and D are material constants to be determined. The stiﬀness matrix of a non-rotated reduced
version of the Von Koch beam (such as the one erected upon the ﬁrst leg of the ﬁrst zigzag of the generation
process) will be denoted by the corresponding lower-case characters, namely:k ¼
a 0 b a 0 b
c c
2
0 c c
2
d b  c
2
c
2
 d
a 0 b
Symmetric c  c
2
d
2
666666664
3
777777775
ð4:2Þand the similarity principle can be written as:K ¼ ak ð4:3Þ
where a is a factor of proportionality to be determined. The ﬁrst and last of the 4 segments of the ﬁrst zigzag
give rise, in the limit, to stiﬀness matrices given, respectively, by:k1 ¼ k; k4 ¼ k ð4:4Þ
The two intermediate segments, on the other hand, will have rotated versions (by ±p/3) of the basic stiﬀness
matrix. To bring the degrees of freedom (of displacement) of these matrices in correspondence with the global
degrees of freedom of the total structure, we need to apply the appropriate rotation matrices and obtain the
corresponding stiﬀness matrices as follows:k2 ¼ R2kRT2 ; k3 ¼ R3kRT3 ð4:5Þ
where the rotation matrices are given by:R2 ¼
1
2

ﬃﬃ
3
p
2
0ﬃﬃ
3
p
2
1
2
0
0 0 1
2
64
3
75; R3 ¼
1
2
ﬃﬃ
3
p
2
0

ﬃﬃ
3
p
2
1
2
0
0 0 1
2
64
3
75 ð4:6ÞThe 4 matrices ki (i = 1, . . ., 4) can now be assembled to produce the stiﬀness matrix of the four-legged frac-
tal zigzag relative to the 15 degrees of freedom of its 5 nodes. The 9 intermediate degrees of freedom can be
eliminated (‘‘condensed out”) to reproduce the original stiﬀness matrix K. Caution has to be exercised to re-
scale the rotational variables by a factor of 1/3. We thus obtain the matrix K expressed in terms of the ‘‘small”
3244 M. Epstein, S.M. Adeeb / International Journal of Solids and Structures 45 (2008) 3238–3254stiﬀness coeﬃcients a, b,c and d. Using the similarity principle (4.3) we obtain a system of 4 independent non-
linear equations for the ratios b/a, c/a and d/a and for the proportionality factor a. The manipulations just
described were implemented in symbolic form using Mathematica, and the resulting equations were solved
to obtain the following values:b
a
¼ 0:096225; c
a
¼ 0:11111; d
a
¼ 0:044444; a ¼ 0:25 ð4:7ÞAccording to this result, the Von Koch beam is completely characterized by the value of a single
material constant a. Any further material speciﬁcation would contradict the principle of similarity. This
situation diﬀers from that of an ordinary beam, whereby the area and the moment of inertia of the
cross section can be speciﬁed independently. In the case of the fractal beam, self-similarity curtails this
freedom in order to produce a structural element with a ﬁnite stiﬀness in the limit. To summarize, the
stiﬀness matrix of a Von Koch beam, relative to the six degrees of freedom of its end points is given
by:K ¼
1 0 0:096225L 1 0 0:096225L
0:11111 0:055555L 0 0:11111 0:055555L
0:044444L2 0:096225L 0:055555L 0:011111L2
1 0 0:096225L
Symmetric 0:11111 0:055555L
0:044444L2
2
666666664
3
777777775
A ð4:8Þwhere A is the only material constant to be prescribed. The Von Koch snowﬂake consists of an assembly of
three Von Koch beams joined in a triangular pattern. Its stiﬀness matrix relative to the nine degrees of free-
dom of the vertices can be obtained from Eq. (4.8) by combining it with two rotated versions and carrying out
a standard assembly procedure.
5. The Sierpin´ski gasket
5.1. Tiling the plane with Sierpin´ski gaskets
While the Von Koch beam may serve as a modelling building block for growth by branching, weakening by
cracking, and electrical networks and antennas, other applications, such as porous media, will require covering
a two- or three-dimensional domain by means of fractal tiles. We are not referring here to the beautiful pat-
terns obtained by fractal tiling (Fathauer, 2000), whereby the tiles themselves vary in size in a self-similar way,
but rather to the more prosaic tiling with identical tiles, each of which is a fractal. In particular, we will devote
special attention to tiling the Euclidean plane by means of isotropic elastic Sierpin´ski gaskets (also called Sier-
pin´ski triangles). We will ﬁnd that, due to the nature of these elements, the basic tiling unit will turn out to be
not a triangle but a hexagon. In investigating the stiﬀness properties of this basic unit, the following somewhat
unexpected phenomena are observed:
(i) One-constant elasticity: regardless of the case under consideration, the stiﬀness matrix is governed by a
single elastic constant;
(ii) Geometric Poisson’s ratio: due to the previous fact, if one compares the stiﬀness matrix of a Sierpin´ski
triangle with that of a conventional constant-strain triangular element, the Poisson-ratio analog of the
former is exactly equal to 1/3;
(iii) Geometric stiﬀening by apposition: when combining two triangles by joining them continuously along a
common edge (to form a rhombus), the common edge becomes inextensible.
The Sierpin´ski gasket is a fractal generated from an initially solid equilateral triangle of side L from which,
at the ﬁrst step of the generation, its central (inverted) triangle of side L/2 is eliminated. The remaining solid
part consists, therefore, of three identical triangles of side L/2 connected at their vertices. The procedure is
Fig. 4. A Sierpin´ski gasket at I = 2. A dot inside a triangle indicates that it is an exact scaled-down replica of the whole. Triangles without
a dot are empty.
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dows of size L/4. At the I-th step, the ﬁgure consists of 3I triangles of side L/2I connected at their vertices and
leaving in between windows of various sizes. The fractal (Hausdorﬀ) dimension of the object obtained at the
limit can be shown to be log3/log2. Fig. 4 shows the appearance of the gasket at the second step of its
generation.
When employing a Sierpin´ski gasket as a material structural element, we will interpret the connections
at the vertices to be ideally pin-jointed. Thus, a Sierpin´ski gasket of side L can be seen as a structure
consisting of three identical, mutually pin-jointed, Sierpin´ski gaskets of side L/2. This circumstance will
allow us to determine (in the next section) the stiﬀness of a Sierpin´ski gasket by exploiting the similarity
principle, just as we did for the Von Koch beam. Let us now consider the tiling of the plane by means of
equal Sierpin´ski gaskets of side L. We assume that at the common edges each one of the (inﬁnite) pairs of
corresponding points from either side undergoes a unique displacement (Fig. 5). In other words, we
assume a perfect geometric compatibility, rather than connecting just the ends of the edge and allowing
the intermediate points to undergo independent displacements. As a result of this assumed compatibility,
as can be appreciated from Fig. 5, we obtain a tessellation consisting of hexagonal elements, each one
made up of six Sierpin´ski triangles of side L/2. Moreover, these hexagons are pin-jointed at their common
vertices, regularly leaving empty triangular windows of the same size. As a consequence of this observa-
tion, one can easily understand that, once the stiﬀness matrix of this basic hexagon with respect to its 12
corner degrees of freedom becomes available, the elastic response of the whole tiling (or a portion thereof)
can be determined by the standard methods of assembly of ordinary structural elements. In Section 5.2,
therefore, we will proceed to calculate the stiﬀness of a Sierpin´ski gasket, followed by that of a rhombus
obtained by combining two gaskets and, ﬁnally, by that of a hexagon. Neither the rhombus nor the hexa-
gon is a self-similar fractal, but a clever subdivision of these elements will, nevertheless, allow us to deter-
mine their stiﬀness by means of the similarity principle.5.2. Stiﬀness of the Sierpin´ski gasket
The same procedure used in Section 4 for the Von Koch beam is now employed to ﬁnd the stiﬀness
matrix and the constant of proportionality for the Sierpin´ski gasket. Before proceeding, it is important
to realize that, whether fractal or not, the stiﬀness matrix of an isotropic equilateral triangle cannot be
completely arbitrary, but is severely restricted by conditions of geometrical and material symmetry and
of equilibrium.
The degrees of freedom of the structural unit are chosen as shown in Fig. 6a. The purpose of the
following exercise is to ﬁnd the number of independent variables within the thirty six entries Kij of
the stiﬀness matrix of the element before enforcing the fractal self-similarity. Three types of restrictions
are considered:
Fig. 5. Tiling with Sierpin´ski gaskets (notice the emergence of hexagons).
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case of the Von Koch beam, the stiﬀness matrix K is symmetric, namely Kij = Kji and thus, the number of
independent entries is reduced to 21.
(2) Restrictions due to material and geometrical symmetries: In terms of the chosen degrees of freedom, it is
not diﬃcult to conclude that the following relations must hold:
Fig. 6. Degrees of freedom for the stiﬀness matrix of a general equilateral triangle, (a) for the sake of derivation, (b) for the sake of
assembly.
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K22 ¼ K44 ¼ K66 ¼ B
K12 ¼ K34 ¼ K56 ¼ 0
K13 ¼ K35 ¼ K51 ¼ C
K14 ¼ K36 ¼ K52 ¼ D
K23 ¼ K45 ¼ K61 ¼ E
K24 ¼ K46 ¼ K62 ¼ F
ð5:1Þ(3) Restrictions due to equilibrium: Since every column j in the stiﬀness matrix represents a set of forces due
to a unit displacement of a degree of freedom, these forces should be in equilibrium. For each set, the
sum of forces in the horizontal direction, the sum of forces in the vertical direction and the sum of
moments around the centroid of the triangle are equal to zero. These conditions lead to the following
sets of equations:K1j  0:5ðK3j þ K5jÞ þ
ﬃﬃﬃ
3
p
=2ðK4j  K6jÞ ¼ 0
K2j  0:5ðK4j þ K6jÞ 
ﬃﬃﬃ
3
p
=2ðK3j  K5jÞ ¼ 0
K1j þ K3j þ K5j ¼ 0
ð5:2ÞThe above equations reduce the number of independent entries to just two: A and B. Thus, the general stiﬀ-
ness matrix K1 of an equilateral triangle according to the degrees of freedom shown in Fig. 6a has the form:K1 ¼
A 0  A
2

ﬃﬃ
3
p
A
2
 A
2
ﬃﬃ
3
p
A
2
B
ﬃﬃ
3
p
A
2
B 3A
2

ﬃﬃ
3
p
A
2
B 3A
2
A 0  A
2

ﬃﬃ
3
p
A
2
B
ﬃﬃ
3
p
A
2
B 3A
2
Symmetric A 0
B
0
BBBBBBBBBB@
1
CCCCCCCCCCA
ð5:3ÞFor the sake of assembly of three triangles together, we will need the stiﬀness matrix K with respect to the
degrees of freedom shown in Fig. 6b. A straightforward transformation of the rotated degrees of freedom
yields the following result:
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Aþ3B
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2
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4
ﬃﬃ
3
p ð3ABÞ
4
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4
ﬃﬃ
3
p
A
2
 B
2
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3
p ðB3AÞ
4
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4
A 0  A
2

ﬃﬃ
3
p
A
2
B
ﬃﬃ
3
p
ð2ABÞ
2
 B
2
Symmetric Aþ3B
4
ﬃﬃ
3
p ðBAÞ
4
3AþB
4
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
ð5:4ÞHaving thus established the generic form of the stiﬀness matrix, we proceed to take into consideration the
fact that the Sierpin´ski gasket is a self similar fractal. In other words, it can be regarded as the union of three
reduced copies joined together at the corners. By the similarity principle, each of these three components has a
stiﬀness matrix proportional to the stiﬀness matrix of the assembly (with respect to the six corner degrees of
freedom). When assembling the three reduced triangles, we obtained a global stiﬀness matrix with 12 degrees
of freedom, 6 at the corners and 6 at the midside nodes. The global stiﬀness matrix is then reduced by elim-
inating the degrees of freedom at the midside nodes. The produced reduced global stiﬀness matrix K has 36
entries that are functions of A and B. The similarity principle (4.3) was implemented using the Mathematica
Package and the constant of proportionality a was found to be equal to 1/2 and the ratio B/A = 3. Thus, the
stiﬀness matrix of the Sierpin´ski triangle has only one independent coeﬃcient A. In other words, the stiﬀness
matrix of a Sierpin´ski gasket has the ﬁnal form:K ¼
5
2

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3
p
2
 1
2
ﬃﬃ
3
p
2
2 0
3
2
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0 0
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2
3 
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3
p
2
 3
2
Symmetric 5
2
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3
p
2
3
2
0
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1
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A ð5:5ÞIt is interesting to compare this result with the stiﬀness matrix of a constant-strain plane-stress triangle
(such as employed in Finite Element Analysis), usually expressed in terms of Young’s modulus and Poisson’s
ratio (E and t). The ratio B/A obtained above is equivalent to 2/(1  t), thus yielding a value of 1/3 for t.
What this means is that, if one were unaware of the fractal nature of the gasket, thinking instead that it is
an ordinary constant-strain triangle, the observed Poisson ratio would be 1/3, regardless of the properties
of the material used to produce the fractal. We call this phenomenon the geometry-induced Poisson eﬀect.
Notice that the value of the constant A, akin to Young’s modulus, will be aﬀected by the value of both mate-
rial constants of the underlying material. It is also interesting to note that the same result can be obtained by
regarding the Sierpin´ski triangle as a pin-jointed truss.5.3. Stiﬀness of the rhombus and the hexagon generated by combining Sierpin´ski gaskets
As outlined in Section 5.1, a fractal as a structural element can be used to tile a plane domain. If the tiles
were joined only at the corners, leaving the edges to otherwise deform independently of each other, there
would be nothing to be added to the previous analysis. Indeed, these elements, with a known stiﬀness matrix
with respect to the degrees of freedom involved in the joining process, would simply have to be assembled
according to the standard assembly procedure of structural analysis. On the other hand, if the gasket struc-
tural elements are combined in such a way that the displacement along the common edges is assumed to be
compatible, then the assembly procedure needs to take into consideration the equality of the inﬁnite number
of degrees of freedom at each connected edge. We start by considering a rhombus formed by joining two gas-
kets along one edge, as shown in Fig. 7. It follows from this ﬁgure that the rhombus XYZW thus formed can
be considered as the combination of two reduced copies of the basic gasket (RQX and SZT) pin-jointed to two
Fig. 7. (a) Two Sierpin´ski gaskets (ZWY and YWX) are combined to generate a rhombus structure. (b) Nodal and degrees of freedom
numbering for constructing the stiﬀness matrix.
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invoke the principle of similarity, by assuming that it can be applied to any ﬁgure and not just to a pure frac-
tal. However, before implementing these conditions, we will determine the number of independent stiﬀness
coeﬃcients of an isotropic elastic rhombus by virtue of its material and geometrical symmetries and equilib-
rium, just as was done for the Sierpin´ski gasket.
With respect to the degrees of freedom in Fig. 7b, material and geometric symmetries introduce the follow-
ing relations between the stiﬀness coeﬃcients:K11 ¼ K55 ¼ A
K44 ¼ K88 ¼ B
K22 ¼ K66 ¼ C
K33 ¼ K77 ¼ D
K21 ¼ K65 ¼ K78 ¼ K34 ¼ K25 ¼ K61 ¼ K38 ¼ K74 ¼ 0
K13 ¼ K17 ¼ K35 ¼ K57 ¼ G
K14 ¼ K18 ¼ K58 ¼ K54 ¼ F
K23 ¼ K27 ¼ K67 ¼ K63 ¼ J
K24 ¼ K64 ¼ K28 ¼ K68 ¼ H
ð5:6ÞFollowing the same argument as in Section 5.2, the equations of equilibrium are applied to every set of
forces (i.e. to every column of the stiﬀness matrix), and the following equations emerge:K1j þ K3j þ K5j þ K7j ¼ 0
K2j þ K4j þ K6j þ K8j ¼ 0
ðK2j  K6jÞ
ﬃﬃﬃ
3
p
þ ðK7j  K3jÞ ¼ 0
ð5:7ÞThe conditions of equilibrium lead to the following relations:K15 ¼ Aþ 2G; K26 ¼ C  2H ; K48 ¼ B 2H ; K37 ¼ 2G D;
J ¼
ﬃﬃﬃ
3
p
ðG DÞ; H ¼ C  G=3þ D=3 ð5:8ÞThe obtained stiﬀness matrix K has six independent coeﬃcients and can be written in the form:
Fig. 8.
3250 M. Epstein, S.M. Adeeb / International Journal of Solids and Structures 45 (2008) 3238–3254K¼
A 0 G F 2GA 0 G F
C ðGDÞ=p3 CG=3þD=3 0 C2ðCG=3þD=3Þ ðGDÞ=p3 ðCG=3þD=3Þ
D 0 G ðGDÞ=p3 2GD 0
B F CG=3þD=3 0 B2ðCG=3þD=3Þ
A 0 G F
C ðGDÞ=p3 ðCG=3þD=3Þ
Symmetric D 0
B
2
66666666666664
3
77777777777775
ð5:9Þ
At this point, we are ready to consider the decomposition described in Fig. 7a and invoke the similarity
principle to determine these coeﬃcients in terms of the material coeﬃcient of the basic gasket.
Let k = K/a denote the 8  8 stiﬀness matrix of each of the rhombuses QUTW and RYSU and let k^ denote
the 6  6 stiﬀness matrix of each of the triangles XRQ and SZT. Clearly, k^ is known from our previous cal-
culations in terms of a single material coeﬃcient a. Moreover, for consistency with our previous derivation of
the Sierpin´ski gasket, we now must impose the condition a = 0.5. Otherwise, a reduction of the rhombus
would not be consistent with the accompanying reduction of its two triangular components. Assembling
the stiﬀness matrices of the two rhombuses and the two triangles of Fig. 7, we obtain a global 18  18 stiﬀness
matrix for the structure WXYZQRSTU. This global stiﬀness matrix is then condensed by eliminating the
degrees of freedom at nodes Q, R, S, T and U and equated to the stiﬀness matrix K assigned to the rhombus
XYZW. In this way, we obtain exactly 6 independent nonlinear algebraic equations for the ratios A/a, B/a, C/
a, D/a, F/a and G/a.
Although for the case of the rhombus these equations can still be handled by symbolic manipulators, it is
clear that this task will become impractical for larger combinations of gaskets or other fractals, such as in the
case of the hexagon to be discussed later. For this reason, we adopted the following rapidly convergent iter-
ative procedure: (i) initial values for the 6 entries of the matrix K are assumed; (ii) the assembly of the global
18  18 stiﬀness matrix is carried out using these values; (iii) condensation of this matrix yields new values for
the 6 entries which are then used as initial guesses to repeat step (i). When this procedure was followed, it rap-
idly converged to the following values: A/a = 1.77452, C/a = 0.5245, D/a = 1.5, F/a = 0.1274 and G/ a = 0.75.
On the other hand, the value of B/a kept increasing without bound, which led us to conclude that B/a?1.
To ensure the correctness of this conclusion, the six independent governing equations were derived by an ad-
hoc procedure that exhibits their physical meaning as described in the Appendix. From the intuitive point of
view, the inﬁnite stiﬀness coeﬃcient obtained is not completely unexpected, since the kinematic compatibility
requires an inﬁnite number of displacement conditions to be established simultaneously. We call this phenom-
enon the geometrically induced inextensibility.Joining six Sierpin´ski gaskets to form a global hexagon, the global hexagon is composed of a smaller hexagon and six rhombuses.
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matrix of a general hexagon with respect to the degrees of freedom shown in Fig. 8. The number of indepen-
dent coeﬃcients after employing symmetry and equilibrium was found to be seven. The stiﬀness matrix
obtained has the form:Fig. 9.K ¼
A 0 E C F D I 0 F D E C
B C G D H 0 J D H C G
A 0 E C F D I 0 F D
B C G D H 0 J D H
A 0 E C F D I 0
B C G D H 0 J
Symmetric A 0 E C F D
B C G D H
A 0 E C
B C G
A 0
B
2
666666666666666666666664
3
777777777777777777777775
ð5:10Þwhere, J, E and H are functions of the other variables through the following equations,E ¼ ðAþ
ﬃﬃﬃ
3
p
C þ
ﬃﬃﬃ
3
p
D F  IÞ
J ¼ ðBþ 2H þ 2GÞ
H ¼ Bþ
ﬃﬃﬃ
3
p
ðC þ DÞ þ G J
ð5:11ÞThe iterative procedure described above was used to ﬁnd the values of the seven coeﬃcients of the generated
hexagon starting with the completely determined stiﬀness matrix of the rhombus. For numerical purposes, the
inﬁnite stiﬀness obtained for the rhombus was arbitrary taken as 1000. Three of the unknown seven coeﬃ-Geometry and loading for the numerical example of a domain loaded by a concentrated force and tiled with Sierpin´ski gaskets.
Fig. 10. Displacement proﬁle for the top 5 layers.
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ﬁcients are those for the stiﬀnesses along the three diagonals of the hexagon where the geometric inextensibility
phenomenon manifests itself, namely, A, F and I. The remaining values were B/a = 0.8531, C/a = 0.2097, D/
a =  0.1134 and G/a =  0.3650.
5.4. Numerical example
To show the potential applications of the theory of fractal materials (such as porous media) we solve the
analog of the classic Boussinesq–Flamant problem for a semi-inﬁnite tiled plane subjected to a concentrated
force perpendicular to the mean free surface (Fig. 9). We note that the tilling with Sierpin´ski gaskets (as
described in Section 5.1) is part and parcel of the physical modeling of the porous medium and not a ﬁnite
element approximation. Accordingly, the results obtained are exact (except for the small error introduced
by placing the boundaries of the domain at a ﬁnite distance from the load). In particular, we remark that
the displacement at the point of application of the load is ﬁnite. This fact may perhaps be expected from
the existence of an internal length-scale. Finally, we note that the (exact) displacements are obtainable only
at the vertices of the tiling induced hexagons (Fig. 10). Displacements of internal points can be obtained by
further subdivisions (sub-tiling). The signiﬁcance of such reﬁnement, however, should be considered in the
light of the basic kinematic conundrum.
Appendix A
In this Appendix we show the derivation of six independent equilibrium equations in terms of the six entries
of the stiﬀness matrix of the rhombus XYZW of Fig. 7. The equations of equilibrium are derived by imposing
certain deformations on the structure. The reactions at the four corners of the structure are then expressed
using the stiﬀness matrix of the rhombus XYZW and equated to another set of reactions obtained from
the 18  18 global stiﬀness matrix constructed as described in Section 5.3. The procedure will be explained
through one example and then the remaining equations will be presented. The ﬁrst equation can be con-
structed by applying a unit deformation for degrees of freedom 3 and 7 in Fig. 7b while restraining the other
degrees of freedom at nodes WXYZ. The resulting reactions at degrees of freedom 1, 5, 3, 7, 2, 4, 6 and 8 can
be readily obtained from the stiﬀness matrix K and are equal to 2G, 2G, 2G, 2G, 0, 0, 0 and 0, respectively.
Nodes Q, R, S, T and U are allowed free deformations and thus, the reactions at these nodes are equal to zero.
Due to symmetry, the 10 displacements of the nodes Q, R, S, T and U can be reduced to only 5 unknowns Dx1
and Dy1 at node Q, Dx2 and Dy2 at node T and Dy3 at node U. The 18  18 global stiﬀness matrix described
Section 5.3 can be used to write 6 independent equations for the reactions at nodes X, Q, U, W, T and Z. Five
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tion is a condition between the six variables of the stiﬀness coeﬃcients of the rhombus. The equation obtained
in this example is:Table
Six set
Equati
A.1
A.2
A.3
A.4
A.5
A.6Gð2 3GÞ=aþ D½1þ ð2þ 2GÞ=a ¼ 0 ðA:1Þ
The same procedure can now be repeated by applying ﬁve diﬀerent sets of symmetric and antisymmetric
deformations on the global structure. Table A.1 shows the diﬀerent sets of displacements imposed to obtain
Eqs. (A.1)–(A.6) D G
G
½Dþ 3DG=a Gð2þ 3GÞ=a ¼ 0 ðA:2Þ
 2
3
þ I
2
 2½
ﬃﬃﬃ
3
p
H=aþ F ð8þ 1=a 9H=aÞ
3½ ﬃﬃﬃ3p H þ 9F ð1þ H=aÞ=a ¼ 0 ðA:3Þ
 Bþ B
2a
 H þ 3½
ﬃﬃﬃ
3
p ð1þ 1=aÞFH þ 3H 2=aþ F 2ð9 9H=aÞ
2að8þ 9H=aÞ ¼ 0 ðA:4Þ
2H 4 ﬃﬃﬃ3p FH  2F 2ð1þ ð2þ 9HÞ=aÞ þ Hð6H þ 2I=aþ 9HI=aÞ þ Bð6H  I þ 2I=aþ 9HI=aÞ 
F 2ð2 18H=aÞ þ Hð6H  2I þ 9HI=aÞ þ Bð6H  I þ 9HI=aÞ ¼ 0 ðA:5Þ
Z
6
ﬃﬃﬃ
3
p
=a ðDþ 3DG=a 3G2=aÞI ¼ 0 ðA:6Þwhere,Z ¼ G2:S=aþ D:M
S ¼ 64 48I þ 27=a2  HIð8þ 3IÞ þ 6Gð16þ 9ð2H  3IÞ=a
þ 27=a2  HI þ 3=a ½ð68 27IÞI þ 6Hð4þ 3IÞ
M ¼ 6=a G2½16þ 9=a ð2H  3IÞ þ 27=a2  HI þ I ½16 9=a2  Hð4þ 3IÞ þ 1=a ð32 18H þ 27IÞ
þ G½32 2=a ð32þ 18H  51IÞ  27=a3  HIð8þ 3IÞ þ 3=a2  ðHð24 36IÞ þ Ið68þ 27IÞÞ
I ¼ 2A 2G; H ¼ C  G=3þ D=3
ðA:7ÞUsing a = 1/2 and solving Eqs. (A.1) and (A.2) the values for D and G can be found to be 2/3 and 1/3, respec-
tively. Eq. (A.6) can then be reduced to8 18HðI  1Þ þ 9I ¼ 0 ðA:8Þ
which be combined with Eq. (A.3) to yield one equation in the variables H and F. This equation, however,
contradicts Eq. (A.4) which is also a function in only H and F, since the variable B disappears from the equa-
tion due to multiplication by [1 + 1/(2a)]. The only solution to this contradiction is if the value of the var-
iable B approaches inﬁnity while a? 1/2. In this case, when dividing by B, Eq. (A.4) holds for any value of the
terms H þ 3½
ﬃﬃ
3
p ð1þ1=aÞFHþ3H2=aþF 2ð99H=aÞ
2að8þ9H=aÞ while Eq. (A.5) reduces to 6H-I + 2I/ a + 9HI/a = 0. When choosing a
large value for B and solving Eqs. (A.4), (A.5) and (A.8) the values obtained using the iterative method were
retrieved.A.1
s of displacements imposed on the 8 degrees of freedom to obtain six independent equations
on # Degrees of freedom Displacements imposed
1, 2, 3, 4, 5, 6, 7, 8 0, 0, 1, 0, 0, 0, 1, 0
1, 2, 3, 4, 5, 6, 7, 8 0, 0, 1, 0, 0, 0, 1, 0
1, 2, 3, 4, 5, 6, 7, 8 1, 0, 0, 0, 1, 0, 0, 0
1, 2, 3, 4, 5, 6, 7, 8 0, 0, 0, 1, 0, 0, 0, 1
1, 2, 3, 4, 5, 6, 7, 8 0, 0, 0, 0, 0, 0, 0, 1
1, 2, 3, 4, 5, 6, 7, 8 1, 0, 0, 0, 0, 0, 0, 0
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